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Abstract
In the literature it is assumed that the parton to hadron fragmentation function cannot be
studied by using the lattice QCD method because of the sum over the (unobserved) outgoing
hadronic states. However, in this paper we find that since the hadron formation from the partons
can be studied by using the lattice QCD method, the parton to hadron fragmentation function can
be studied by using the lattice QCD method by using the LSZ reduction formula for the partonic
processes.
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I. INTRODUCTION
At high energy colliders two incoming hadrons (or leptons or lepton-hadron) collide to
produce a bunch of particles which can be hadrons or non-hadrons (such as leptons, photons
etc.). At the large momentum transfer the interaction involving the quarks and gluons pro-
cesses occur at the high energy colliders. Since we have not directly experimentally observed
quarks and gluons these quarks and gluons fragment to hadrons which are directly experi-
mentally observed. Hence the parton to hadron fragmentation function plays an important
role at the high energy colliders. The parton to hadron fragmentation function also plays
an important role to detect the quark-gluon plasma at RHIC and LHC [1, 2].
The interaction between quarks and gluons is described by the quantum chromodynamics
(QCD) [3] which is a fundamental theory of the nature. Due to the asymptotic freedom in
QCD [4] the renormalized QCD coupling decreases at small distance where the perturbative
QCD (pQCD) is applicable. Hence the short distance partonic scattering cross section at
the high energy colliders can be calculated by using the pQCD. This short distance partonic
scattering cross section is folded with the (experimentally extracted) parton distribution
function (PDF) inside the hadron and with the parton to hadron fragmentation function
(FF) by using the factorization theorem in QCD [5, 6] to calculate the hadron production
cross section which is experimentally measured at the high energy colliders.
As mentioned above the parton distribution function (PDF) inside the hadron and the
parton to hadron fragmentation function (FF) are experimentally extracted because the
PDF and FF are not calculated yet. The hadron formation from the quarks, antiquarks
and gluons is a long distance phenomenon in QCD where the renormalized QCD coupling
becomes large. Since the pQCD is not applicable at the large distance, the PDF and FF
cannot be calculated by using the pQCD.
At the large distance the non-perturbative QCD is necessary to study the parton distri-
bution function (PDF) inside the hadron and the parton to hadron fragmentation function
(FF). However, the analytical solution of the non-perturbative QCD is not known yet be-
cause of the presence of the cubic and quartic gluonic field terms in the QCD lagrangian
inside the path integration in QCD (see section II for details). Due to this reason the PDF
and FF are not calculated yet and hence they are extracted from the experiments.
However, the path integration in QCD can be performed numerically in the Euclidean
1
time by using the lattice QCD method. Hence the lattice QCD studies the hadron formation
from the quarks and gluons by evaluating the non-perturbative partonic correlation function
in QCD numerically in the Euclidean time [7]. Since the lattice QCD can study the non-
perurbative QCD one expects that the parton distribution function (PDF) inside the hadron
and the parton to hadron fragmentation function (FF) can be calculated by using the lattice
QCD method. Recently there has been lot of progress in the study of the parton distribution
function (PDF) inside the hadron by using the lattice QCD method [8].
However, it is claimed in the literature that the parton to hadron fragmentation function
(FF) cannot be studied by using the lattice QCD method because the fragmentation function
involves the sum of outgoing unobserved (inclusive) hadrons.
But in this paper we find that since the hadron formation from the partons can be studied
by using the lattice QCD method [7, 9], the parton to hadron fragmentation function can
be studied by using the lattice QCD method by using the LSZ reduction formula for the
partonic processes.
The paper is organized as follows. In section II we discuss the lattice QCD method to
study the hadron formation from quarks and gluons. In section III we describe the LSZ
reduction formula for the partonic processes in the lattice QCD method. In section IV we
describe the lattice QCD method to study the parton to hadron fragmentation function.
Section V contains conclusions.
II. LATTICE QCD METHOD TO STUDY HADRON FORMATION FROM
QUARKS AND GLUONS
The partonic operator Oηc(x) for ηc formation in the lattice QCD method is given by
Oηc(x) = Ψ
†
i(x)Ψi(x) (1)
where Ψi(x) is the charm quark field with color index i = 1, 2, 3. Using the lattice QCD
method we find that [7]
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where τ is Euclidean time, the ~P is the momentum of ηc, the Eηc(P ) is the energy of ηc, the
|0 > is the non-perturbative QCD vacuum state, the
∫
dt is indefinite integration,
∫
d3x is
definite integration and T µν(x) is energy-momentum tensor density of the parton in QCD.
In eq. (2)
< 0|Oηc(x
′)Oηc(0)|0 >=
1
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with
F bσµ(x) = ∂σA
b
µ(x)− ∂µA
b
σ(x) + gf
bdsAdσ(x)A
s
µ(x). (5)
In the above equations the ψif is the light quark field of flavor f = 1, 2, 3 (= up, down,
strange quarks), Aaµ(x) is the gluon field, K
a
f (x) is the gauge fixing term [in covariant gauge
it is given by Kbf(x) = ∂
λAbλ(x)], the mf is the mass of the light quark of flavor f , the M
is the mass of the heavy quark, α is gauge fixing parameter and we do not have any ghost
field because we directly work in the ghost determinant det[
δKa
f
δωb
].
The heavy quarkonium ηc formation from the charm-anticharm cc¯ pair can be studied
from eq. (2) by using the lattice QCD method.
III. LSZ REDUCTION FORMULA FOR THE PARTONIC PROCESSES IN THE
LATTICE QCD METHOD
For simplicity we consider the q → ηc fragmentation function using lattice QCD method
in this paper where q is the light quark. Extension of this procedure to other parton to
hadron fragmentation function is straightforward.
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Let us consider the parton to hadron fragmenting process
q → ηc +X (6)
where X is the unobserved particle(s). The partonic process corresponding to eq. (6) is
given by
q(p1)→ c¯(p2)c(p3) +X. (7)
By using the LSZ reduction formula we find that the transition amplitude < cc¯+X|q > for
the process in eq. (7) is given by [10]
< cc¯+X|q >= (−i)i2
∫
d4x3
∫
d4x2
∫
d4x1e
ip3·x3+ip2·x2−ip1·x1 × u¯(p3, λ3)v(p2, λ2)u(p1, λ1)
×
∫
d4y3
∫
d4y2
∫
d4y1[G
c
R(x3, y3)]
−1[GcR(x2, y2)]
−1[GqR(x1, y1)]
−1 < X|Ψ(y3)Ψ¯(y2)ψ(y1)|0 >R
(8)
where |0 > is the non-perturbative QCD vacuum state, λ represents the helicity, ψ is the
quark field of the light quark q, the Ψ is the heavy (charm) quark field and R stands for
renormalized quantities.
In eq. (8) the [G(x′, x′′)]−1 in coordinate space is defined by
∫
d4z′G(y′′′, z′)[G(z′, y′′)]−1 = δ(4)(y′′′ − y′′) (9)
where
Gc(x′, x′′) =
1
Z[0]
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2 +
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[δik(i6 ∂ −mf ) + gT
b
ikA/
b(x)]ψkf (x) + Ψ¯i(x)[δ
ik(i6 ∂ −M) + gT bikA/
b(x)]Ψk(x)]] (10)
and
Gq(x′, x′′) =
1
Z[0]
∫
[dψ¯1][dψ1][dψ¯2][dψ2][dψ¯3][dψ3][dΨ¯][dΨ][dA]
×ψ¯(x′)ψ(x′′)× det[
δKaf
δωb
]× exp[i
∫
d4x[−
1
4
F hσµ(x)F
σµb(x)−
1
2α
[Kaf (x)]
2 +
3∑
f=1
ψ¯if (x)
[δik(i6 ∂ −mf) + gT
b
ikA/
b(x)]ψkf (x) + Ψ¯i(x)[δ
ik(i6 ∂ −M) + gT bikA/
b(x)]Ψk(x)]]. (11)
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From eq. (8) we find that the probability Pq→c¯c for the light quark q to fragment to c¯c is
given by
Pq→c¯c = N
∑
X
< q|c¯c, X >< X, cc¯|q >= N
∫
d4x3
∫
d4x2
∫
d4x1
∫
d4x′3
∫
d4x′2
∫
d4x′1
eip3·(x3−x
′
3)+ip2·(x2−x
′
2)−ip1·(x1−x
′
1) × [
∑
spin
|u¯(p3, λ3)v(p2, λ2)u(p1, λ1)|
2]×
∫
d4y3
∫
d4y2
∫
d4y1
∫
d4y′3
∫
d4y′2
∫
d4y′1[G
c
R(x3, y3)]
−1[GcR(x2, y2)]
−1[GqR(x1, y1)]
−1[GcR(x
′
3, y
′
3)]
−1[GcR(x
′
2, y
′
2)]
−1[GqR(x
′
1, y
′
1)]
−1
∑
X
< 0|ψ(y′1)Ψ¯(y
′
2)Ψ(y
′
3)|X >< X|Ψ(y3)Ψ¯(y2)ψ(y1)|0 >R (12)
which gives
Pq→c¯c = N
∫
d4x3
∫
d4x2
∫
d4x1
∫
d4x′3
∫
d4x′2
∫
d4x′1e
ip3·(x3−x′3)+ip2·(x2−x
′
2)−ip1·(x1−x
′
1)
×[
∑
spin
|u¯(p3, λ3)v(p2, λ2)u(p1, λ1)|
2]
∫
d4y3
∫
d4y2
∫
d4y1
∫
d4y′3
∫
d4y′2
∫
d4y′1[G
c
R(x3, y3)]
−1[GcR(x2, y2)]
−1[GqR(x1, y1)]
−1[GcR(x
′
3, y
′
3)]
−1[GcR(x
′
2, y
′
2)]
−1[GqR(x
′
1, y
′
1)]
−1
< 0|ψ(y′1)Ψ¯(y
′
2)Ψ(y
′
3)Ψ(y3)Ψ¯(y2)ψ(y1)|0 >R (13)
where N is the normalization factor given by eq. (15) and
< 0|ψ(y′1)Ψ¯(y
′
2)Ψ(y
′
3)Ψ(y3)Ψ¯(y2)ψ(y1)|0 >=
1
Z[0]
∫
[dψ¯1][dψ1][dψ¯2][dψ2][dψ¯3][dψ3][dΨ¯][dΨ][dA]
×ψ(y′1)Ψ¯(y
′
2)Ψ(y
′
3)Ψ(y3)Ψ¯(y2)ψ(y1)× det[
δKaf
δωb
]× exp[i
∫
d4x[−
1
4
F hσµ(x)F
σµb(x)−
1
2α
[Kaf (x)]
2
+
3∑
f=1
ψ¯if (x)[δ
ik(i6 ∂ −mf ) + gT
b
ikA/
b(x)]ψkf (x) + Ψ¯i(x)[δ
ik(i6 ∂ −M) + gT bikA/
b(x)]Ψk(x)]]. (14)
Note that in eq. (13) the normalization factor N arises because the creation and annihilation
operators in the derivation of the LSZ reduction formula are not dimensionless [11]. Due
to this reason
∑
X < q|c¯c + X >< X, cc¯|q >=
∑
X | < X + cc¯|q > |
2 is not dimensionless.
Hence one finds that the normalization factor N is given by
N =
1
< q|q >< c¯c|cc¯ >
(15)
where
< q|q >=
∫
d4x′1
∫
d4x1e
ip1·(x′1−x1) × [
∑
spin
u¯(p1, λ1)u(p1, λ1)]×
∫
d4y′1
∫
d4y1[G
q
R(x
′
1, y
′
1)]
−1[GqR(x1, y1)]
−1 < 0|ψ¯(y′1)ψ(y1)|0 >R (16)
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and
< cc¯|cc¯ >=
∫
d4x3
∫
d4x2
∫
d4x′3
∫
d4x′2e
ip3·(x3−x′3)+ip2·(x2−x
′
2) × [
∑
spin
u¯(p3, λ3)u(p3, λ3)]
[
∑
spin
v(p2, λ2)v¯(p2, λ2)]
∫
d4y3
∫
d4y2
∫
d4y′3
∫
d4y′2[G
c
R(x3, y3)]
−1[GcR(x2, y2)]
−1[GcR(x
′
3, y
′
3)]
−1
[GcR(x
′
2, y
′
2)]
−1 < 0|Ψ(y3)Ψ¯(y2)Ψ(y
′
2)Ψ¯(y
′
3)|0 >R . (17)
Since the path integrations in eqs. (10), (11), (16), (17) and (14) can be per-
formed numerically by using the lattice QCD method in the Euclidean time to calcu-
late the non-perturbative correlation functions Gc(x, x′), Gq(x, x′), < 0|ψ¯(y′1)ψ(y1)|0 >,
< 0|Ψ(y3)Ψ¯(y2)Ψ(y
′
2)Ψ¯(y
′
3)|0 > and < 0|ψ(y
′
1)Ψ¯(y
′
2)Ψ(y
′
3)Ψ(y3)Ψ¯(y2)ψ(y1)|0 > respectively
one finds from eq. (13) that the probability Pq→c¯c of the light quark q to fragment to cc¯ can
be calculated by using the lattice QCD method.
IV. LATTICE QCD METHOD TO STUDY PARTON TO HADRON FRAGMEN-
TATION FUNCTION
From eqs. (2) and (13) we find that the q → ηc fragmentation function Dq→ηc(P ) in the
lattice QCD method is given by
Dq→ηc(P ) = Pq→c¯c × | < ηc(P )|cc¯ > |
2 (18)
where the probability Pq→c¯c is given by eq. (13) and | < ηc(P )|cc¯ > |
2 is given by eq. (2).
Since Pq→c¯c in eq. (13) can be calculated by using the lattice QCD method in the
Euclidean time and the | < ηc(P )|cc¯ > |
2 can be calculated from eq. (2) by using the lattice
QCD method in the Euclidean time one finds from eq. (18) that the fragmentation function
Dq→ηc(P ) can be calculated by using the lattice QCD method in the Euclidean time.
Extension of eq. (18) to other parton to hadron fragmentation function is straightforward.
V. CONCLUSIONS
In the literature it is assumed that the parton to hadron fragmentation function cannot
be studied by using the lattice QCD method because of the sum over the (unobserved)
outgoing hadronic states. However, in this paper we have found that since the hadron
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formation from the partons can be studied by using the lattice QCD method, the parton to
hadron fragmentation function can be studied by using the lattice QCD method by using
the LSZ reduction formula for the partonic processes.
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